Abstract. A local deformation property for uniform embeddings in metric manifolds (LD) is formulated and its behaviour is studied in a formal view point. It is shown that any metric manifold with a geometric group action, typical metric spaces (Euclidean space, hyperbolic space and cylinders) and for κ ≤ 0 the κ-cone ends over any compact Lipschitz metric manifolds, all of them have the property (LD). We also formulate a notion of end deformation property for uniform embeddings over proper product ends (ED). For example, the 0-cone end over a compact metric manifold has the property (ED) if it has the property (LD). It is shown that if a metric manifold M has finitely many proper product ends with the property (ED), then the group of bounded uniform homeomorphisms of M endowed with the uniform topology admits a strong deformation retraction onto the subgroup of bounded uniform homeomorphisms which are identity over those ends. Appendix includes some results on uniform isotopies and Alexander isotopies.
Introduction
This article is a continuation of study of topological properties of spaces of uniform embeddings and groups of uniform homeomorphisms in metric manifolds [2, 4, 5, 9] . Since the notion of uniform continuity and uniform topology depends on the choice of metrics, it is essential to select reasonable classes of metric manifolds (M, d). J. M. Kister [4] studied the case of the standard Euclidean space R n using Alexander's trick. A.V.Černavskiȋ [2] considered the case where M is the interior of a compact manifold N and the metric d is a restriction of some metric on N . Recently, in [9] we considered the class of metric covering spaces over compact manifolds and obtained a local deformation theorem for uniform embeddings in those spaces. From this local deformation theorem we also deduced a global deformation result on groups of uniform homeomorphisms of metric manifolds with finitely many Euclidean ends. As an application, we showed that the group H u (R n ) b of bounded uniform homeomorphisms of R n endowed with the uniform topology is contractible as a topological space.
In this point, it is important to notice that there are two approaches to discuss topological properties of various subgroups G of homeomorphism groups of (compact or non-compact) manifolds. One way is to study ordinary topological properties as topological spaces under given topologies. Another way is to modify various notions on topological spaces based upon characteristic features of subgroups G and study those modified properties. A typical example is the notion of paths in G. For groups of PL-homeomorphisms it is natural and useful to define a path as a PL-isotopy (independent of choice of topologies in groups of PL-homeomorphisms). Although those modified notions are usually described by the same terminologies as original ones in literatures, we should distinguish these two approaches rigorously and should not confuse them (as explained below).
In the fundamental textbook [7, Section 5.6] considered is a modification of notion of (local) contractibility, since homeomorphism groups of non-compact manifolds are not necessarily locally contractible as topological spaces under any of the Whitney, uniform and compact-open topologies.
In this textbook and related papers, a path is interpreted as an isotopy and the notion of (local) contractibility is reformulated as (local) existence of continuous selection of isotopies to the identity under a given topology. Under this weaker notion of (local) contractibility, homeomorphism groups of any non-compact manifolds endowed with the Whitney topology is local contractible [2, 3, 7] and the group H(R n ) b of bounded homeomorphisms of R n endowed with the uniform topology is contractible by means of Alexander isotopy in R n (cf. [4] ). However, this weak notion of local contractibility does not imply even local connectedness of homeomorphism groups as topological spaces and the contraction of H(R n ) b defined by Alexander isotopy is not continuous with respect to the uniform topology (see Appendix in this paper). These differences between two approaches might lead to some confusion in understanding of topological properties of homeomorphism groups of (non-compact) manifolds. Here we emphasize that, throughout [5, 9] and this paper, we have studied the ordinary topological properties of groups of uniform homeomorphisms endowed with the uniform topology as topological spaces. In comparison with classical results, this difference of approach yields a contrast between our statements and classical ones in some cases and also causes a situation that apparently same statements have different meanings in other cases.
In this article we extract essence from the results obtained in [9] and formulate notions of local deformation property over subsets and global deformation property over product ends for uniform embeddings in metric manifolds (see Sections 3 and 5 for the precise definitions). Below we abbreviate the phrase "the local deformation property for uniform embeddings" as (LD) and "the end deformation property for uniform embeddings" as (ED).
Study of basic behaviour of these deformation properties enables us to deduce deformation results in more complicated metric manifolds from those in simpler pieces. For example, the additivity of (LD) (Proposition 3.1) can be applied to show that any metric manifold with a locally geometric group action has the property (LD) (Theorem 4.1). Here a group action on a metric manifold is called (locally) geometric if it is proper, cocompact and (locally) isometric (cf. Section 4.1). In [9] we considered metric covering spaces over compact manifolds. In term of covering transformation groups, these corresponds to metric manifolds with free locally geometric group actions. Therefore, this is regarded as a generalization from the free case to the non-free case. The key observation is that any metric manifold with a locally geometric group action is a finite union of invariant open subsets each of which is the total space of a trivial metric covering projection. Thus the non-free case follows from the free case and the additivity of (LD).
Theorem 1.1. A metric manifold has the property (LD) if it admits a locally geometric group action.
It is also shown that the property (LD) in a metric manifold depends only on the property (LD) of its ends (Corollary 3.1). This observation leads us to a study of deformation property for uniform embeddings over typical metric ends (cf. Section 4.2). The Euclidean space R n , the hyperbolic space H n and any cylinders have the property (LD), since they admit free geometric group actions. Hence all of their ends also have the property (LD). Since the κ-cone C κ (S n−1 ) of the unit (n − 1)-sphere S n−1 with the spherical metric is canonically isometric to R n for κ = 0 and to H n for κ = −1 (cf. [1, p 59]), one can expect that the above results extend to a result on more general cone ends. The next result follows from the sphere case and the additivity of (LD) (Proposition 4.1). Theorem 1.2. Suppose (N, d) is a compact Lipschitz metric manifold. Then the κ-cone end C κ (N, d) 1 has the property (LD) when (i) κ = 0 or (ii) κ < 0 and ∂N = ∅.
Here, a Lipschitz metric n-manifold is a metric n-manifold (possibly with boundary) which admits an atlas in which each chart is a (locally) bi-Lipschitz equivalence onto an open subset of the half space R n ≥0 . For example, any Riemannian manifold is a Lipschitz metric manifold. Next we study basic behaviour of the property (ED). In [9] we deduced the property (ED) in Euclidean ends from the property (LD). This extends to the next form (Example 5.1).
) is a compact metric manifold. Then the 0-cone end C 0 (N, d) 1 has the property (ED) if it has the property (LD).
In particular, if (N, d) is a compact Lipschitz metric manifold, then C 0 (N, d) 1 has the property (ED). In [9] we showed that if (M, d) is a metric manifold with finitely many Euclidean ends, then the group H u (M, d) b of bounded uniform homeomorphisms of (M, d) endowed with the uniform topology admits a strong deformation retraction onto the subgroup of H u (M, d) b consisting of bounded uniform homeomorphisms which are identity over those ends. This result generalizes to the next form.
See Sections 2 and 5 for the precise definitions of terminologies used in Theorem 1.3. In Section 5
we obtain a more general end deformation theorem for uniform embeddings (Theorem 5.1).
This paper is organized as follows. Section 2 includes basics on metric spaces and uniform embeddings. In Section 3 we study formal behaviour of the property (LD) with respect to restriction, union, ends and uniform equivalence. In Sections 4 we discuss some examples of metric manifolds with the property (LD), including metric manifolds with locally geometric group actions (Section 4.1), the ends of Euclidean space, hyperbolic space and cylinders (Section 4.2) and the κ-cone ends over compact Lipschitz metric manifolds (Section 4.3). Section 5 is devoted to a study of basic behaviour of the property (ED) and the proof of Theorems 1.3 and 5.1. Appendix includes basic results on uniform isotopies, which shed light on notions of local contractibility of groups of uniform homeomorphisms.
We also discuss Alexander isotopies in R n from this point of view.
Metric spaces and uniform embeddings
This section includes basics on metric spaces and uniform embeddings needed in this paper.
Conventions.
In this article, maps between topological spaces are always assumed to be continuous. For a topological space X and a subset A of X, the symbols Int X A, cl X A and Fr X A denote the topological interior, closure and frontier of A in X. 
and
We say that a subset A of X is ε-discrete if d(x, y) ≥ ε for any distinct points x, y ∈ A and that A is uniformly discrete if it is ε-discrete for some ε > 0. More generally a family {F λ } λ∈Λ of subsets of
2.2. Maps between metric spaces.
and both f | U and f | X−A are uniformly continuous, then f is also uniformly continuous, (b) if f is uniformly continuous and
f is both uniformly continuous and coarsely uniform.
is called a uniform (coarsely uniform, Lipschitz) homeomorphism if f is bijective and both f and f −1 are uniformly continuous (coarsely uniform, Lipschitz, respectively).
(The prefix "bi" is sometimes added to emphasize that f −1 also satisfies the same condition.) A uniform embedding is a uniform homeomorphism onto its image. A map h : (X, d) → (Y, ρ) is called a similarity transformation if h is bijective and there exists K > 0 such that ρ(h(x), h(x ′ )) = Kd(x, x ′ )
for any x, x ′ ∈ X.
In [9] we introduced the notion of metric covering projections as a natural metric version of Riemannian coverings in the smooth category. For the basics on covering spaces, we refer to [8, Chapter 2, Section 1].
is called a metric covering projection if it satisfies the following conditions:
( * ) 1 There exists an open cover U of Y such that for each U ∈ U the inverse π −1 (U ) is the disjoint union of open subsets of X each of which is mapped isometrically onto U by π.
( * ) 2 For each y ∈ Y the fiber π −1 (y) is uniformly discrete in X.
Metric manifolds.
An n-manifold means a topological n-manifold possibly with boundary. For a manifold M , the symbols ∂M and Int M denote the boundary and interior of M as a manifold.
A metric n-manifold means an n-manifold with a fixed compatible metric. A basic model is the simply connected complete Riemannian n-manifold M n κ with constant sectional curvature κ. For example, M n κ = S n , R n , H n for κ = 1, 0, −1 respectively. Here, R n is the Euclidean n-space with the standard Euclidean metric d 0 , H n is the hyperbolic n-space and S n = {x ∈ R n+1 | x = 1} is the standard unit n-sphere in R n+1 with the standard spherical metric d 1 defined by cos d 1 (x, y) = (x, y), where ( , ) is the standard Euclidean inner product. Note that M n ±κ is homothetic to M n ±1 for any κ > 0. Let R n ≥0 = {x ∈ R n | x n ≥ 0} denote the closed half space in R n with the standard metric d 0 . 
The topology on C((X, d), (Y, ρ)) induced by this sup-metricρ is called the uniform topology. Below the space C((X, d), (Y, ρ)) and its subspaces are endowed with the sup-metricρ and the uniform topology, otherwise specified. (When we need to emphasize this point, we add the subscript u as
For notational simplicity, the metricρ is denoted by the same symbol ρ. Let
) denote the subspace consisting of uniformly continuous maps f :
For any metric spaces (
3 ) the next map is continuous :
are continuous maps and h : P → C u (X 2 , X 3 ) is a function. If f p is surjective and
Let H(X, d) denote the group of homeomorphisms h of (X, d) onto itself. This group and its subgroups are endowed with the sup-metric and the uniform topology (as the subspaces of
Let H u (X, d) denote the subgroup of uniform homeomorphisms of (X, d) onto itself. The group
) is a topological group, while the whole group H(X, d) is not necessarily a topological group under the uniform topology. We also use the following notations:
is an open (and closed) subgroup of H u (X, d), it includes the connected component
For subsets F, C ⊂ X, let E u (F, X, d; C) denote the space of uniform embeddings
with the sup-metric and the uniform topology.
By deformations of uniform embeddings we mean the following type of homotopies in spaces of uniform embeddings:
which satisfies the following conditions:
The adjectives "local" and "global" to deformations represent the size of the neighborhood W in the ambient space E u * (F, (M, d); C). (in other words, the size of α with E u * (i F , α; F, (M, d); C) ⊂ W).
κ-cones.
First we recall the basics on κ-cones over metric spaces (cf. 
, where the metricd κ on C(Y ) is defined by the following formula: 
where o is any fixed point of M n κ , exp o : T o M n κ → M n κ is the exponential map and S n−1 is identified to the unit sphere S(T o M n κ ) in the tangent space T o M n κ . Consider the closed half space R n ≥0 = {x ∈ R n | x n ≥ 0} and the closed upper half (n − 1)-sphere S n−1 ≥0 = {x ∈ S n−1 | x n ≥ 0}. For κ = 0, with taking o the origin of R n , we have an isometry of pairs, ϕ :
We use the abbreviation:
(2) Using the function λ κ , we have the following equalities on the metricd κ (κ ≤ 0):
is a map between metric spaces. Then, for any κ ≤ 0 the κ-cone
Lemma 2.2. The following conditions are equivalent.
For any sx, ty ∈ C(Y ) with s ≤ t, from Remark 2.1 it follows that
is uniformly continuous, for ε = 1 there exists δ > 0 such that
This contradiction completes the proof.
Local deformation property for uniform embeddings
In this section we formulate a notion of local deformation property for uniform embeddings (LD) and study its basic behaviour. Throughout this section (M, d) and (M ′ , d ′ ) denote metric manifolds.
Definition and basic properties.
Definition 3.1.
We also use the following additional notations.
Example 3.1. (2) A metric manifold (M, d) has the property (LD) if it admits a metric covering projection
The condition (LD) has the following basic properties.
Proposition 3.1.
(
(ii) Suppose A ⊂ u N ⊂ M and N is an n-manifold. Then,
For n-submanifolds of M we have the following conclusions.
Corollary 3.1. (1) Suppose (M, d) is a connected metric n-manifold and N is a compact n-submanifold of M .
We assume that Fr M N is locally flat and transversal to ∂M so that Fr M N is a proper (n − 1)-
(2) Suppose N is a compact n-manifold with nonempty boundary and C i (i = 1, · · · , m) is a non-empty collection of connected components of the boundary ∂N . For each C i take a collar
The ends of M are in 1-1 correspondence with the product ends 
In fact, we can write
Since M : (LD) and F ⊂ u N ⊂ M , it follows that F : (LD) in M and in N . On the other hand, since E : (LD) and
3.2. Proof of Proposition 3.1.
In each case of (i), (ii) and (iii) the required admissible deformation (W 1 , ψ) is defined as follows:
One can easily check that ψ is well-defined and satisfies the admissibility condition. The uniform continuity of ψ t (f ) follows from those of ϕ t (f | W ) and f and
) is a uniformly continuous map, then
Under this isometry the correspondence between an admissible deformation ϕ for X and an admissible deformation ψ for X | N is described in the next diagram:
The uniform homeomorphism h induces a homeomorphism
The next diagram represents the correspondence between admissible deformations (W, ϕ) for X and
This completes the proof.
Proof of Proposition 3.1.
(1) The assertion follows from Lemma 3.1(3).
(2) The statement (i) is obvious.
(ii) For any X ⊂ A, it follows that
We have to find a neighborhood
and an admissible deformation for Y,
and an admissible deformation for Z,
Since
we have the map
Finally, the required admissible deformation for X is defined by
The statement (ii) follows from (i).
(4) (⇐=): The assertion follows from (2)(i). 
rel id M . By (i)(d) this contraction also restricts to a local contraction in H u (M, ∂M ).
Proof of Corollary 3.1. 
The conclusions follows from these implications.
The assertions follow from these observations.
Examples
In this section we discuss some examples of metric manifolds with the property (LD).
Manifolds with geometric group actions.
In this subsection we show that a metric n-manifold has the property (LD) if it admits a locally geometric group action (Theorem 4.1). We refer to [1, Chapter I.8] for basic facts on geometric group actions. First we recall some related notions.
Throughout this subsection, X = (X, d) is a locally compact metric space, G is a (discrete) group and Φ : G × X → X is a continuous action of G on X. As usual, for g ∈ G and x ∈ X the element Φ(g, x) ∈ X is denoted by gx. For a point x ∈ X the orbit Gx and the isotropy subgroup G x of x are defined by Gx = {gx | g ∈ G} and G x = {g ∈ G | gx = x} respectively. More generally, for any subsets H ⊂ G and C ⊂ X let HC = {gx | g ∈ H, x ∈ C} and G C = {g ∈ G | gC = C}. Then, G C is a subgroup of G and for any (left) coset g ∈ G/G C the subset gC ⊂ X is well-defined.
The action Φ of G on X is called geometric if it is proper, cocompact and isometric. Here, Φ is (a) proper if {g ∈ G | gF ∩ F = ∅} is a finite set for any compact subset F of X, (b) cocompact if the quotient space X/G is compact, and (c) isometric if each g ∈ G acts on X as an isometry. Note that (i) the action Φ is cocompact if and only if X = GK for some compact subset K of X and (ii) if Φ is proper, then (α) if X is separable, then G is a countable group since X is σ-compact, (β) for any nonempty compact subset C of X the family {gC | g ∈ G} is locally finite and G C is a finite subgroup of G, so (γ) the orbit Gx is discrete in X for any point x ∈ X.
In this article we work in a slightly more general setting.
Definition 4.1. We say that the action Φ of G on X is (1) locally isometric if for every x ∈ X there exists ε ∈ (0, ∞] such that (♮) x each g ∈ G maps O ε (x) isometrically onto O ε (gx), and (2) locally geometric if it is proper, cocompact and locally isometric.
(ii) the action Φ is locally isometric if and only if r x > 0 for each x ∈ X,
Lemma 4.1. Suppose the action Φ is locally geometric and let x ∈ X be any point.
(1) The orbit Gx is uniformly discrete. Hence, there exists ε ∈ (0, r x ) such that the orbit Gx is 4ε-discrete.
(2) Let Λ be a complete set of representatives of cosets in G/G x .
and the family
is a trivial metric covering projection.
(3) In addition, assume that X is a metric n-manifold. Let D be a closed n-disk neighborhood of
and it satisfies the condition (LD) X .
Proof.
(1) Since Φ is proper and locally isometric, it follows that r x > 0 and the orbit Gx is discrete.
Hence, there exists δ ∈ (0, r x ) such that O δ (x) ∩ Gx = {x}. Then Gx is δ-discrete. In fact, if g, h ∈ G and gx = hx, then g −1 hx = x so that g −1 hx ∈ O δ (x). Since δ ∈ (0, r x ), it follows that gO δ (x) = O δ (gx) and so hx ∈ O δ (gx).
(2) (i) For any distinct g, h ∈ Λ it follows that gx = hx, so d(gx, hx) ≥ 4ε since Gx is 4ε-discrete,
(ii) Since ε ∈ (0, r x ), each g ∈ Λ induces an isometry g : O ε (x) ∼ = O ε (gx). Hence, the restriction
is a well-defined isometry. For each y ∈ O ε (x) the fiber of y is given by π −1 (y) = Λy. Since {O ε (gx) | g ∈ Λ} is 2ε-discrete and gy ∈ O ε (gx) for each g ∈ Λ, it follows that π −1 (y) is also 2ε-discrete.
For any y, y ′ ∈ O ε (Gx) we have d(π(y), π(y ′ )) ≤ d(y, y ′ ). In fact, if y, y ′ ∈ O ε (gx) for some g ∈ Λ, then d(π(y), π(y ′ )) = d(y, y ′ ) since π| Oε(gx) is an isometry, and if y ∈ O ε (gx) and y ′ ∈ O ε (hx) for
N → D is also a metric covering projection, it follows that N is an n-manifold and satisfies (LD) by Example 3.1 (2). Since O 2δ (x) ⊂ D and 2δ ∈ (0, r x ), we have
Then, by Proposition 3.1 (2) O δ (Gx) satisfies the condition (LD) N and hence (LD) X . 
Since the group action is cocompact, M = GK for some compact subset K ⊂ M and there exist finitely many points (1) The Euclidean space R n with the standard Euclidean metric admits the canonical geometric action of Z n (and the associated Riemannian covering projection π : R n → R n /Z n onto the flat torus).
Therefore, R n has the property (LD).
(2) The half space R n ≥0 = {x ∈ R n | x n ≥ 0} also has the property (LD). This follows from Example 3.3. In fact, R n : (LD) and the boundary collar E = R n−1 × [0, 3] of R n ≥0 also has the property (LD) since it admits the geometric action of Z n−1 defined by m · (y, z) = (y + m, z) (m ∈ Z n−1 , (y, z) ∈ E). To see this, consider the upper half space model of H n (cf. [6, §4.6.]), in which the underlying space is R n >0 := {x ∈ R n | x n > 0} = R n−1 × (0, ∞) and the metric d is given by
Then, it suffices to examine the horosphere Σ 1 := {x ∈ R n | x n = 1}, since any horosphere Σ of H n admits an isometry h of H n with h(Σ) = Σ 1 .
The interior and exterior of Σ 1 are given by 
has the property (LD) since it admits the geometric action of Z n−1 defined by
The condition (ii) in Example 3.3 follows from the fact that
A similar argument shows that E 1 : (LD).
Example 4.3. (Cylindrical ends)
Suppose (N, ρ) is a compact metric n-manifold.
(1) The cylinder over (N, ρ) is the metric space (M, d), where M = N × R and the metric d is defined by
The group Z acts on (M, d) geometrically by
Therefore, the cylinder (M, d) has the property (LD). (1) The 0-cones C 0 (S n ), C 0 (S n ≥0 ) and their ends C 0 (S n ) r ,C 0 (S n ≥0 ) r (r > 0) have the property (LD).
(2) For any κ < 0, the κ-cone C κ (S n ) and its ends C κ (S n ) r (r > 0) have the property (LD).
Below we extend this S n -case to the case of any compact Lipschitz metric manifold.
and let ∂ − B := {x ∈ B | x n = 0}. Consider the closed n-disk with corner, C ≡ {y ∈ S n ≥0 | y 1 ≥ 0} in S n ≥0 and let ∂ − C ≡ {y ∈ C | y n+1 = 0}. There exists a diffeomorphism h : (B,
Since h is a Lipschitz homeomorphism, by Lemma 2.2 we have a Lipschitz homeomorphism of pairs,
The argument is same as (1) with using Lemma 4.2 (2). Choose r > 0 such that K ⊂ u B ≡ {x ∈ R n | x ≤ r} ⊂ R n . Let C := S n ≥0 ⊂ S n . Take a diffeomorphism h : B ≈ C and let L = h(K). Since h is a Lipschitz homeomorphism, by Lemma 2.2 we have a Lipschitz homeomorphism of pairs, 
For each x ∈ N take a compact neighborhood 1 and that C κ (N ) 1 : (LD) by Proposition 3.1 (4).
End deformation property for uniform embeddings
In this section we introduce the notion of end deformation property for uniform embeddings (ED) in proper product ends and study its basic nature. 
Remark 5.1. In Definition 5.2 the admissible deformation ϕ satisfies the following condition : 
We can apply the same argument to ϕ t (f ) (t ∈ [0, 1]). From the condition ( * ) 1 it follows that
, the required admissible deformation over H ′ is defined by
(ED). In particular, the 0-cone end C 0 (N, d) 1 over any compact Lipschitz metric manifold (N, d) has the property (ED).
there exist ε ∈ (0, 1) and an admissible deformation over L 4 ,
Given any F ∈ CF (L 1 ) and α > 0, take β ≥ 1 such that εβ > α and L β ⊂ F and let H = L 4β .
The β-similarity transformation
induces the β-similarity transformation
, we obtain an admissible deformation over H,
Finally the required admissible deformation over H is defined by
5.2.
End deformation theorem for uniform embeddings.
is a proper product end. Suppose L is a proper product end of (M, d). We say that the end L is isolated if for any c > 0 there exists F ∈ CF(L) with
lemma is a refinement of [9, Lemma 2.6]. 
Choose a map α :
and define a homotopy
The continuity of ϕ follows from Lemma 2.1 applied to P = E u * (F, M ; N 1 ) × [0, 1] and the maps
) and so
These observations imply that ϕ is a strong deformation retraction of E u * (F, M ; N 1 ) onto E u * (F, M ; N 2 ). Finally, the additional properties (i), (ii) and (iv) follow from the condition (b) ξ t (s) = id on M −N (0,3) .
If (L, d| L ) : (ED), then the following holds:
and α we can find γ > α, v > u and an admissible deformation over
Choose any w > v and let
The deformation η restricts to an admissible deformation over L s ,
Finally, the required admissible deformation ϕ is defined by
The next remark is useful in the arguments below.
(ii) σ(f )(F ) = f (F ) for any f ∈ E with A ⊂ f (F ).
(iii) σ(f ) = id on F ∩ ∂M for any f ∈ E with f = id on F ∩ ∂M .
All of these conditions are preserved under composition (i.e., if both σ, τ : E → E satisfy the condition (i) ((ii), (iii) respectively), then so does the composition τ σ : E → E).
The assertion for (i) is verified as follows: For
It is seen that f, g ∈ E and g = f on X f , then X f ⊂ X g . Hence, if both σ, τ satisfy the condition (i), then for any
) is a metric manifold and L is an isolated proper product end of
there exists a strong deformation retraction
(2) For any α > 0 there exists β > 0 such that
Proof. Given F, r, s. For notational simplicity, we put E = E u * (F, M ) b and E(α) = E u * (i F , α; F, M ) (α > 0). The repeated applications of Lemma 5.3 yield a sequence of real numbers
and admissible deformations over L s ,
which satisfy the following conditions:
(2) for each α > 0 there exists β > 0 such that
. By Proposition 5.1, for each i = 1, · · · , m there exists a strong deformation retraction
Then the composition
. The condition (5)(ii) follows from the next assertion:
This is verified inductively based upon (3)(i) and ϕ i 1 (f ) = id on L(i) s i (i = 1, · · · , m). The condition (1) follows from (3) and Remark 5.2. The condition (2) follows from (4). In fact, for any α 0 > 0, we can find α i > 0 (i = 1, · · · , m) such that 
Appendix -Uniform isotopies A1. Uniform isotopies.
Suppose X is a topological space. An isotopy on X is a homeomorphism H ∈ H(X × and f, g ∈ S an isotopy from f to g in S means an isotopy H on X such that H 0 = f , H 1 = g and
Suppose (X, d) is a metric space. The product space X × [0, 1] is given the metricd defined bỹ
The metricd has the following basic properties.
(2) If ρ is a metric on X × [0, 1] uniformly equivalent tod, then
(b) the sup-metrics on this space defined by ρ andd are uniformly equivalent.
I consisting of (bounded) uniform isotopies and level-wise (bounded) uniform isotopies on (X, d), endowed with the sup-metric and the uniform topology defined byd.
Uniform isotopies are reinterpreted correctly as continuous paths in H u (X, d).
(3) The correspondence given in (1) and (2) defines a natural isometry
(1)(ii) Since H is uniformly continuous, for any ε > 0 there exists δ > 0 such that if d((x, t), (y, s)) < δ, thend(H(x, t), H(y, s)) < ε. It is seen that if |t − s| < δ, then d(H t , H s ) ≤ ε.
(2) By the compactness of [0, 1] it follows that h is uniformly continuous and the family {h(t)} t∈ [0, 1] is equi-continuous. From these observations it is seen thath is uniformly continuous.
Since H u (X, d) is a topological group, we have a map k :
is also uniformly continuous. Sincekh =hk = id X×[0,1] , it follows thath is a uniform isotopy on (X, d). In the bounded case, since h is continuous, by Lemma A.1(3) we havẽ
(3) The assertion follows from Lemma A.1(3).
Remark A.1. Suppose Z is a topological space, K is a compact topological space and (Y, ρ) is a metric space. The exponential law for function spaces induces a natural isometry 
By Lemma A.2(3) and Remark A.1 we obtain natural isometries between function spaces related to uniform isotopies.
Lemma A.3. For any topological space Z there exist natural isometries
A2. Local contractibility of H u (X, d).
Since the space H u (X, d) is not necessarily locally contractible in the usual sense, in literatures some authors introduced another weaker notion of local contractibility of H u (X, d) in order to obtain some affirmative results (cf. [7, Section 5.6] ). In this subsection we clarify a relationship between this weaker notion and the standard notion of local contractibility of H u (X, d) as a topological space.
For this purpose, first we recall the standard notions on local contractibility of topological spaces.
Suppose Z is any topological space and C is a subset of Z. We say that (i) C is contractible in Z if there exists a homotopy ϕ : C × [0, 1] → Z such that ϕ 0 (z) = z (z ∈ C) and ϕ 1 is a constant map (i.e., ϕ 1 (z) ≡ z 0 for some fixed point z 0 in Z),
(ii) (a) Z is locally contractible if for each point z ∈ Z and any neighborhood V of z in Z there exists a neighborhood U of z in V such that U is contractible in V , (b) Z is weakly locally contractible if each point of Z has a neighborhood contractible in Z, (iii) Z is contractible if it is contractible in itself.
For a topological group G it is shown that G is locally contractible if and only if some neighborhood of the unit element of G is contractible in G. To avoid any ambiguity, we should use the precise terminology as "(locally) contractible by means of level-wise uniform isotopies" in stead of the temporary phrase "(locally) contractible*". But the former is too long for our treatment in this article. Note that in [7, Section 5.6 ] this weaker notion is also described by the same terminology "(locally) contractible".
The next corollary is a direct consequence of Corollary A.1.
A3. Alexander isotopies in R n .
In this subsection we discuss basic properties of Alexander's isotopies in the Euclidean n-space R n (with the standard Euclidean metric d(x, y) = x − y ). A characteristic feature of R n is that it admits the self-similarity transformations
Based on Alexander's trick (cf. [4] ), for each h ∈ H(R n ) we define
(1) Let s, t ∈ [0, ∞).
(iii) d(h t , k t ) = td(h, k), d(h t , id) = td(h, id), where we follow the convention 0 · ∞ = 0.
(iv) If h ∈ H(R n ) b , then h t ∈ H(R n ) b . If h ∈ H u (R n ), then h t ∈ H u (R n ). (iii) If h ∈ H (u) (R n ) b , then Φ(h) is a (level-wise bounded unifrom) isotopy from id to h and Φ(h) t = h t ∈ H (u) (R n ) b (t ∈ [0, 1]).
For each h ∈ H(R n ) b the isotopy Φ(h) = {h t } t∈[0,1] is called the Alexander isotopy for h. The
Alexander isotopy determines a contraction* of H u (R n ) b ,
Lemma A.4 (2)(ii) implies that the map Φ is an isometric embedding with respect to the sup-metrics d andd. However, in Example A.3 below we give an example of k ∈ H u (R n ) b for which the function
is not continuous. This means that the function associated to the contraction* Φ of H u (R n ) b ,
is not continuous.
In [9] we showed that H u (R n ) b is contractible in the usual sense. There we adopted the following strategy: (1) Since R n admits a metric covering projection onto the flat torus, R n has the property (LD) and there exists a contraction χ t of a small open ball H u (id, ε; R n ) in H u (R n ) b . (2) Given α > 0, using χ t and a similarity transformation λ γ , we can find β > 0 and a contraction ψ t of the open ball H u (id, α; R n ) in H u (id, β; R n ). (3) The iteration of (2) yields a sequence of contractions ψ i t of H u (id, α i ; R n ) in H u (id, α i+1 ; R n ) for some increasing sequence α i ∈ R (i ∈ N). A contraction of H u (R n ) b is obtained by composing these contractions ψ i t . In this argument, we need not to change the scale factor γ of the similarity transformation λ γ continuously.
Below we list basic properties of the following functions.
η : H(R n ) × [0, ∞) −→ H(R n ) : η(h, t) = h t η h : [0, ∞) −→ H(R n ) : η h (t) = h t (h ∈ H(R n )) η t : H(R n ) −→ H(R n ) : η t (h) = h t (t ∈ [0, ∞)) Lemma A.5.
(1) Let h ∈ H(R n ).
(i) η h is continuous at t = 0 if and only if h ∈ H(R n ) b .
(ii) If η h is continuous at a point in (0, ∞), then η h is continuous at any point in (0, ∞).
(iii) When h ∈ H u (R n ) b , η h is continuous if and only if Φ(h) is a uniform isotopy on R n .
(2) For any t > 0 the map η t is a t-similar embedding and η 0 is the constant map onto id.
Proof. The assertions (1)(i) and (2) follow from Lemma A.4 (1)(iii).
(1)(ii) Suppose η h is continuous at a point r ∈ (0, ∞) and take any point s ∈ (0, ∞). Let a := s/r ∈ (0, ∞) and consider the map α a : (0, ∞) → (0, ∞) : α a (t) = t/a. By Lemma A.4 (1)(ii) we have the factorization η h = η a η h α a . Since (a) η a is continuous by (2) , (b) η h is continuous at r and (c) α a is continuous and α a (s) = r, it follows that η h is continuous at s.
The assertion (1)(iii) follows from (1)(ii) and Lemma A.2.
Example A.1. The map η h (h ∈ H(R n )) is continuous in the following cases:
(1) h has compact support.
(2) h is a translation (i.e., h(x) = x + v for some constant vector v ∈ R n ).
Proof. (2) Since d(h t , h s ) = v |t − s| (t, s ∈ [0, ∞)), the map η h is continuous.
Example A.2. Take any non-zero vector v ∈ R n and consider the half ray γ = {tv | t ∈ [0, ∞)}. We can easily find h ∈ H u (R n ) b which satisfies the following condition (#).
(#) (i) h(x + v) = h(x) + v for any x ∈ γ.
(ii) There exist y, z ∈ γ such that h(y) = y and h(z) = z.
If h ∈ H u (R n ) b satisfies the condition (#), then the function η h is not continuous at any point t ∈ (0, ∞).
Proof. By Lemma A.5 (1)(ii) it suffices to show that η h is not continuous at t = 1. Conversely assume that η h is continuous at t = 1. By (#) (ii) there exist y = rv, z ′ = s ′ v (r, s ′ ∈ [0, ∞)) such that h(y) = y and h(z ′ ) = z ′ . Take k ′ ∈ N with s ′ + k ′ > r and let s = s ′ + k ′ and z = sv. Then z ∈ γ, s > r and h(z) = z by (#) (i).
Let c := d(h(z), z) > 0. Since η h is assumed to be continuous at t = 1, there exists t 0 ∈ (1/2, 1)
such that d(h t , h) < c/2 for any t ∈ [t 0 , 1]. Since r+k s+k → 1 (k → ∞), there exists k ∈ N such that r+k s+k > t 0 . Let t := r+k s+k and x := y + kv. Then t ∈ (t 0 , 1), r + k = t(s + k) and x = t(z + kv), so h t (x) = th 1 t x = th(z + kv) = t(h(z) + kv) and h(x) = h(y + kv) = h(y) + kv = y + kv = t(z + kv).
Hence we have h t (x) − h(x) = t(h(z) − z) and d(h t , h) ≥ d(h t (x), h(x)) = h t (x) − h(x) = t h(z) − z = td(h(z), z) = tc > c/2.
This contradicts d(h t , h) < c/2.
Thought the map ϕ itself is not continuous, we can expect that the restriction of ϕ to some subspace A of H u (R n ) b is continuous and provides a contraction of A. Consider the following conditions on A:
( * ) 1 The map η h is continuous (equivalently Φ(h) is a uniform isotopy) for each h ∈ A. 
